2012

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 58, NO. 6, JUNE 2010

Propagation Over Parabolic Terrain: Asymptotics and
Comparison to Data
Dmitry Chizhik, Senior Member, IEEE, Lawrence Drabeck, and W. Michael MacDonald, Member, IEEE

Abstract—Analysis of radio propagation over varying,
clutter-covered terrain was carried out aiming at prediction
of power received by a terminal immersed in clutter, with the
transmitter placed above clutter. The need for such prediction
arises, for example, in planning and assessing coverage and interference in radio communications. Following a general formulation
of the problem, particular solutions were found when the terrain
has constant curvature. Asymptotic evaluation yielded compact
expressions both for parabolic valleys and ridges. In both cases,
ray-optical term dominated for short ranges, while a single mode
dominated at large ranges. Strong focusing was found to occur
in valleys, while ridges produced strong blockage beyond the
“horizon”. The resulting procedure for predicting pathloss over
varying terrain is therefore to apply the formulae using the terrain
curvature extracted from terrain files. In comparison to measured
power across a valley, mean errors of less than 1 dB were found, a
marked improvement over standard terrain-unaware models that
produce a mean error of 30 dB.
Index Terms—Propagation, terrain factors.

I. INTRODUCTION
LANNING and performance assessment of radio communications often requires prediction of received power
of both desired and interfering signals. A widely occurring arrangement is that of a transmitter (e.g. cellular base station)
placed somewhat above terrestrial clutter and a terminal receiver
immersed in clutter, such as buildings or trees. While prediction
of exact received power requires unreasonably detailed knowledge of the environment as well as models of exceptionally high
fidelity, it is often of interest to predict average received power
that may be expected based on relatively crude information,
such as terrain height variation and clutter height.
In the cellular industry a widespread practice is to employ
empirical models of path loss such as [2]–[5]. These models
were obtained through a reduction of measured path loss data
and specify a linear relationship between pathloss in dB and the
logarithm of transmitter-receiver separation. Resulting predictions are usually supplemented by adjusting the model parameters (i.e. slope and intercept) by fitting to locally measured data.
Such practice leads to additional expense and delay of collecting
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data, but has the virtue of allowing for empirical adjustments
due to unmodeled effects such as terrain and clutter variations.
Models based on first principles offer the promise of predictions without additional measurements. Examples of such
models are the Walfisch-Bertoni model [6], derived for equal
height buildings on flat terrain, and with buildings modeled as
multiple absorbing half-screens. This was extended to buildings as screens on variable terrain [7]. Whitteker [8] has applied
marching Huygens principle evaluation between elevated terrain points and included reflection from intervening terrain. This
is a very general approach and is similar to parabolic equation
methods [9], both involving iterative numerical computation as
the field is “marched” in range. Blaunstein, et al. [10] represents propagation loss as a consequence of probabilistic visibility representation and interaction with multiple random scatterers. Blaunstein and Andersen [10] provide a extensive analysis of propagation over obstacles in rural areas, with each tree
acting as a random phase-amplitude screen. Piazzi and Bertoni
[12] extended [6] to variable terrain, exploring numerically the
effect of clutter covered variable terrain with buildings represented as half-screens. Numerical solutions were found to be
amenable to ray-optical interpretations. Barrios [21], Barrios et
al. [22], Dockery and Kuttler, [23], Donohue and Kuttler [24]
have applied the numerically efficient split-step/Fourier algorithm to generally varying terrain, allowing accounting both for
terrain variation as well as atmospheric refraction at large ranges
with no significant clutter.
In [1] local scattering around the mobile was treated in the
case of flat terrain covered by constant height clutter. Present
work is an extension of [1] aimed at allowing terrain height
variation, particularly in the case of parabolic terrain, both in
the case of a valley and a ridge. The goal is to derive relatively
simple expressions for pathloss for this special case that wireless
system planners would find useful and easy to use. The problem
of solving for a field due to a source above a concave boundary,
subject to the Dirichlet boundary condition has been treated by
Felsen, et al. in [13] and [14]. It was found that the solution may
be expressed asymptotically as a hybrid mix of rays and modes.
In this work, it is of interest to find the received power for a
terminal in terrestrial clutter. It was found in [1] that the key
quantity of interest is the derivative of the Green’s function at
the clutter surface. In this work, the variable boundary problem
is addressed through transforming the wave equation into a parabolic equation, which is then solved asymptotically to arrive
at a hybrid ray-mode mixture. It is found that the solution has
a simple interpretation of a ray optical contribution and only a
single mode, other modes being negligible, both in the case of a
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height of the base above clutter be , and recognizing that for
, it was found that
most cases of interest,
(3)
Considering now the varying cluttered terrain boundary, the
in air above the clutter due to a point source at
field
satisfies the Helmholtz equation
(4)
Fig. 1. Propagation over variable terrain.

concave and a convex boundary. The predictions are compared
both to full modal sum solution as well as to measurements collected in variable terrain.
In Section II the problem of calculating fields in air over a
generally rough dielectric surface is cast as a parabolic equation with a variable index of refraction. In Section III this equation is solved as a sum of modes for constant terrain curvature
case (parabolic valley or ridge). In Section IV the sum of modes
is found to be well approximated by a ray optical term and a
single mode contribution, while Section V presents comparisons
to measured power over a river valley.

The top of the surface may be viewed as an inhomogeneous
varies as a function of range . It
dielectric whose height
may be noted, however, that for a large range of material properties and for both polarizations, plane wave incidence at small
grazing angles results in nearly perfect reflection, with a reflection coefficient of nearly 1. The interaction with a surface is
then approximated here as the Dirichlet boundary condition
(5)
The problem may be transformed into a simpler problem by
substituting
(6)
into (4) to get

II. PROPAGATION IN AIR OVER A GENERALLY VARYING
DIELECTRIC SURFACE

(7)

This work addresses prediction of average power received at
a terminal beneath terrestrial clutter, such as trees and buildings, from a transmitter antenna placed at height above local
clutter, where the terrain between the transmitter and the receiver is generally varying, illustrated in Fig. 1.
In [1] it was found that the received power
is related to
by
the transmitted power
(1)

Assuming nearly grazing propagation,
, (7) becomes the “parabolic equation”
(8)
or a Schrödinger’s equation with two spatial dimensions and ,
and range playing the role of time. A transformation proposed
by Beillis and Tappert [8] allows further simplification. Letting
(9)

where the mean square of the vertical derivative of the Green’s
function above clutter,
, may be interpreted
as the factor accounting for propagation over the clutter-covered varying terrain and the wavelength
is related to the
. The local scattering factor
wavenumber by
(2)
for the case of a terminal in the middle of a street of width .
The other quantities are local clutter height and mobile height
above local ground , shown in Fig. 1. Similar expressions have
also been found [1] for flat terrain covered by vegetation, as
opposed to buildings.
For flat terrain with uniform height clutter, treated in [1],
image theory has been used to determine
. Letting the

and substituting
(10)

into (8), results in

(11)
where the prime notation on is omitted for notational clarity.
The boundary condition (5) is transformed by (9) to a flat surface
boundary condition:
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The balance of the work addresses particular solutions of (11)
with (12) as the boundary condition.

The received power (1) depends on the absolute value of the
-derivative of the Green’s function
at the surface.
As may be observed from (6) and (10)

III. CONSTANT TERRAIN CURVATURE
A. Sum of Modes Solution
Of particular interest is the case of constant curvature ter, corresponding to a parabolic valley
rain,
or a parabolic ridge
. Equation (11) subject to (12) may
be solved [16], [17] by introducing a horizontal Green’s func, describing the field at
due to a point
tion
source at
, and a vertical Green’s function
due
to a point source at . The two Green’s functions satisfy correspondingly

(20)
where the last equality follows from the boundary condition
depends on
(12). The -derivative of (17), where only
, is, then, using (19),

(13)
and
(21)
(14)
where
where the separation constant may be interpreted as a square
of the vertical component of the wavevector. The solution to
(11) may be expressed as
(15)
The contour integral in (15) encompasses the poles of the
vertical Green’s function
. The coordinates of the
source (base antenna) in the horizontal plane have been set to
in (15) for convenience.
Equation (13) may be solved using Fourier transforms to yield

(22)

is defined for later convenience. The form of the vertical mode
function
depends on the sign of the terrain curvature,
as described in the following sections.
B. Valley
In the case of a valley, vertical mode solutions
satisfying the source-free version of (14) are Airy functions [18]

(16)
The solution to (15) may be expressed as a sum over residues
at the poles of the integrand in (15):

(23)
where the effective waveguide width
(24)

(17)

recognized as a sum over modes where
is the vertical
mode, satisfying the source-free vermode function of the
sion of (14) and the boundary condition (12), with the corresponding Wronskian determinant [18]:
(18)

depends on the curvature
and the characteristic vertical
spatial frequency
is determined from boundary condition
to be approximately [18] defined by
(25)

C. Ridge
In the case of a ridge, the vertical mode solutions
satisfying the source-free version of (14) are Airy functions with
complex arguments [18]

and
(19)
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is determined
the characteristic vertical spatial frequency
to approximately
[18] from boundary condition
satisfy
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in comparison to the rapid fluctuation of the numerator with respect to . Using (25) for the characteristic spatial frequencies
, the asymptotic behavior of vertical mode function (32) may
be seen to be

(27)

IV. ASYMPTOTIC EVALUATION
(33)
A. Valley
While summation over modes in (21) may be carried out directly, the number of terms that are needed is often large, particularly for short ranges and/or small terrain curvatures. It is therefore of interest to derive an asymptotic expression that would
provide approximate yet accurate results. This may be obtained
has the following
by recognizing that the Airy function
asymptotic representation [18], [19] for large values of
(28)

The denominator of (22) used in (31) depends on the behavior
and may thus be evaluated using
of the Airy function near
the second approximation in (32) to be

(34)
Substituting 1st expression in (33), (34) into (30) and (31),
leads to

The summation over the modes (21) may now be split into
two sums, one for each of the regions in (28):
(29)
where terms for

are summed in
(35)
(30)
and similarly using 2nd expression in (33)

and terms for

are summed in
(36)
(31)

, with the subscript indicating the domwhere
inant “whispering gallery” mode and mode functions (23) are
used.
Now using the asymptotic form (28), one finds that for

(32)
Where the expression in the numerator was expanded to first
order in the Taylor series for
. In the last approximation in (32) the -dependence of the denominator is neglected

At short ranges, the terms in the sum (35) vary slowly with
, which
mode index , with the exception of the factor
leads to near cancellation of the successive terms. The resulting
“telescoping” series thus has only the first and the last terms in
the sum that offer significant contribution. The last term corresponds to the characteristic spatial frequency given by
. The first term, corresponding to the lowest order mode,
may be seen in (35) to be exponentially smaller than the last
term, and is neglected. At larger ranges, the phase differences
become important,
between modes due to the term
making it necessary to include more modes. From (35) it may
be seen that the dominant contribution comes from modes with
characteristic vertical spatial frequencies in the neighborhood of
. The dominant mode contribution is
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where
(38)
and
(39)
The sum in (36) is now examined. The difference in the square
of the spatial frequencies of neighboring modes may be deduced
from (25) as
(40)
. This may be used to approxileading to
mate the sum into an integral over a continuum of characteristic
spatial frequencies:

Fig. 2. Path gain as a function of range for various models over flat terrain and
a parabolic valley. 2 GHz, Transmitter height 20 m, Clutter height 9 m, receiver
height 2 m, terrain curvature 2 10 m

2

The last step is justified through a numerical comparison of
(43) with the complete modal sum solution (17).
Finally, the quantity of interest for evaluating the average received signal power (1) is

(41)
The integral in (41) may be approximated by representing
the
as a sum of two complex exponentials and using stationary phase techniques to evaluate the integral asymptotically,
resulting in

(42)
where the Heavyside step function is introduced to indicate
that in the stationary phase approximation, the integral conis
tributes only when the stationary phase point
within the limits of the integral (41). The signal arriving at the
receiver may be thought of as consisting of two parts: the “whispering gallery mode”, represented by the first term , significant at large ranges, and the ordinary optical term , corresponding to the superposition of the direct and reflected from the
top of the clutter paths. The ordinary optical term is significant
at shorter ranges, and, within the approximations used here, corresponds to the case of the flat terrain used in (3). More precise
evaluation of (41) may be obtained from higher order asymptotic evaluations of the integral, which would remove the abrupt
transition indicated by the step function. It has been found that
a simple approximation may be obtained by recognizing that
each of the two terms in (42) dominates in a different range
of source-receiver separation , with a switch occurring around
It is decided here in an ad hoc manner to remove the step function , resulting in

(43)

(44)
has been set to zero under
where the cross term
the assumption that the relative phase between the whispering
gallery mode field
and the ordinary optical contribution
will depend significantly on the precise shape of the top of the
clutter boundary and is assumed to be uniformly distributed.
Using (44), the received power in (1) the case of the valley
may therefore be expressed as

(45)
where

is defined in (22) with the mode function
as in (23) and using (38). Also,
defined in (2)
for areas with buildings and by (29) in [1] for dense vegetation.
In Fig. 2, the asymptotic result (45) is compared to the exact
sum over modes (1), (21), (23), (25). Also plotted for comparison are flat terrain predictions [1] as well as the widely used
Walfisch-Bertoni model [6], derived for propagation over flat
urban terrain with equal height buildings, modeled as absorbing
half-screens. Okumura-Hata model [2]–[4], gives similar results
to the flat-terrain and Walfisch-Bertoni models, as discussed in
[1]. It may be observed that while all models give similar predictions at shorter ranges, guiding by the valley results in signals that are over 20 dB stronger at 10 km. The exact sum of
modes solution to propagation over a valley produces “beating”
between modes, resulting in some oscillation in path gain as
a function of range. Nevertheless, the asymptotic formula (45)
captures the exact sum of modes behavior quite well.
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Fig. 3. Characteristic spatial frequencies and integration contours.

B. Ridge
In the case of a ridge, the modal expansion (21) may be expressed using (16) and (26) as

Fig. 4. Path gains predicted by accepted models, flat terrain model, and ridge
models. Various heights are: Transmitter 20 m, Clutter 9 m, receiver 2 m, terrain
curvature 3:2 10 m

(46)
The characteristic vertical spatial frequencies
(27) are lodepicted in the third quadrant
cated [18] on a ray
of Fig. 3.
The asymptotic evaluation of (46) may be carried
out by separating the sum over modes into two groups,
and
,
motivated by the change in the Airy function behavior, as
described by (28)

It may be shown that the integral over the contour
is exponentially smaller than other terms and is therefore neglected
is the same as (41), and may therefore
here. The integral over
be evaluated approximately through a stationary phase technique in the same way. Each of the discrete modes in the sum
in (49) decays exponentially with range, corresponding to the
shedding of energy by creeping waves [20]. The lowest order
mode suffers the least decay and all higher order modes are here
neglected. These considerations allow the vertical derivative of
the Greens function (49) to be approximated as a sum of the
ordinary ray-optical component and the lowest order creeping
wave

0 2

(47)

where the summand expression from (46) is not written explicitly for compactness. The second sum in (47) is now
approximated by an integral over the continuous range
, denoted as the contour
in Fig. 3

(50)
The step function in (50) indicates that, in the stationary
phase approximation, the second integral in (48) contributes
only when the stationary phase point is within the limits of the
integral. Finally, substituting (50) in (1) results in the power
received by an antenna buried in the clutter approximated as

(48)

where the modal density
is introduced using (40) and
following the argument leading to (41). The integrand in the
contour integral in (48) is analytic in the region
, allowing for the changing of the contour from
to
. Using the asymptotic form of the Airy function
(28), this results in

(49)

(51)
where

is defined in (22) with the mode function
as in (26) and
for
mode given by (27). Also,
defined in (2) for areas with houses and by (29) in [1] for
dense vegetation. The step function in (51) has the effect of
removing the contribution of the ordinary optical term at large
, interpreted as blockage by
ranges,
the ridge. Path gain predicted by several models is shown in
Fig. 4. The exact solution, computed from a sum of residues
(46) is indicated as a thick dashed line in Fig. 4 follows the flat
terrain model for short ranges, but shows increasingly larger
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Fig. 5. Terrain height across the Columbia river, Portland OR. Transmitter is
marked as a white triangle, receiver locations as white stars.

Fig. 6. Actual terrain profile across the river valley and its parabolic fit (curvature of 5:2 10 m )

2

loss at larger ranges. The asymptotic ridge solution (51) follows closely the exact solution at both large and small ranges,
with the exception of the transition around 1 km, where the
ray-optical contribution is blocked by the terrain. Higher order
asymptotic evaluation of the integral over
in (49) may allow
further improvement in agreement, which is not pursued here.
Similar conclusions have been reached in Piazzi and Bertoni
[12] where a marching diffraction solution over sequences
of half-screens over variable terrain were found to be well
approximated by corresponding ray-optical expressions similar
in form to that obtained for diffraction over smooth cylinders.
V. COMPARISON WITH MEASUREMENTS
Received power was measured as part of a data collection
campaign carried out in Portland, Oregon. Grey scale illustration of terrain height, together with locations of transmitter and
receivers is in Fig. 5. The transmitter was a 7 m high, 20 W,
120 sector antenna radiating at 1.9 GHz, placed on the north
bank of the Columbia river, Fig. 5, aimed south across the river.
The receiver was an omnidirectional antenna placed on a roof
of a vehicle and driven on the roads on the south bank. The
terrain along a typical vertical profile from the transmitter to
the measurement area is shown in Fig. 6. A parabolic fit to the
terrain profile provides the value of terrain curvature needed

Fig. 7. Measured (stars) and predicted pathloss as a function of range (linear
scale) at 1.9 GHz. Predictions are made using a standard (terrain-unaware)
model [5] and asymptotic valley prediction.

in (24). Terrain variations that deviate from the
to define
parabola are not treated here. Pathloss predicted using (45) as
well as a standard (terrain-unaware) model [5] is compared
against measurements as a function of the separation range
in Fig. 7, with range plotted on a linear scale for clarity.
Measured power discussed here is actually a local average of
the instantaneous values of received signal power, a process
that largely removes small scale variations and leaves only
the slower variations of average power of interest here. Measured received power is observed to deviate significantly from
predictions, with the error having a standard deviation of 14
dB, attributed to the unmodeled terrain variations, beyond the
simple parabolic shape. Nevertheless, the model (45) results in
a small mean error ( 1 dB). Standard model results in a mean
error of 30 dB, underscoring the importance of modeling the
whispering gallery modes guided by the valley. Similarly large
errors would result from the use of any standard terrain-unaware model.
Clearly, further modeling is required to account for general
terrain variations, perhaps through numerical solutions of the
parabolic wave (11). Solutions of the parabolic equation using
the very efficient split step algorithm have been applied to predicting field strengths over variable terrain and variable refractivity in [21]–[24]. Model accuracy was assessed through comparison to measurements carried out mostly in areas of negligible vegetation. Clutter such as vegetation would have two
primary effects on propagation: raising of the effective terrain
height to that of clutter top and changing the propagation mechanism at the mobile from direct illumination to scattering [1].
At 2 GHz these effects exceed 30 dB. Extending the numerical solutions of the parabolic wave equation to include the effects of scattering into clutter would be a promising combination of proper treatment of general terrain and proper treatment of near-mobile scattering. More generally, numerical solutions offer treatment of arbitrary terrain variation while analytical methods, such as presented here, offer insight in certain
canonical cases. The work presented here is aimed at the extension of flat terrain formulations [1], [2], [4], [6], some widely
used, to include terrain curvature, where it is important.
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VI. CONCLUSION
Analysis of radio propagation over varying, clutter-covered
terrain was carried out, for the case when one end of the
radio link, e.g. a receiver, is immersed in clutter. Asymptotic
evaluation yielded compact expressions for received power for
constant curvature terrain, i.e. parabolic valleys and ridges.
For both cases, ray-optical term dominated for short ranges,
while a single mode dominated at large ranges. Strong focusing
was found to occur in valleys, while ridges produced strong
blockage beyond the “horizon”. Presented closed-form expressions for pathloss require terrain curvature as a parameter.
Terrain curvature may be obtained from a parabolic fit to the
terrain profile available from a terrain elevation database. In
the limit of zero curvature, the pathloss formulas match flat
terrain predictions. In comparison to measured power across
a valley, mean errors of less than 1 dB were found, a marked
improvement over standard terrain-unaware models that produce a mean error of 30 dB. Still, large standard deviation of
error points to a need to account for general terrain variations,
beyond the parabolic case.
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